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We present a model of neutrino masses combining the seesaw mech­
anism and strong Dirac mass hierarchy and at the same time exhibiting 
a significantly reduced hierarchy at the level of active neutrino masses.
The heavy M ajorana masses are assumed to  be degenerate. The suppres­
sion of the hierarchy is due to  a symmetric and unitary operator R  whose 
role is discussed. The model gives realistic mixing and mass spectrum. The 
mixing of atmospheric neutrinos is attributed to  the charged lepton sector 
whereas the mixing of solar neutrinos is due to  the neutrino sector. Small 
Ue3 is a consequence of the model. The masses of the active neutrinos are 
given by ps «  y / A and p i / p 2 ~  tan 2 0&.
PACS numbers: 14.60.Pq, 12.15.Ff, 14.60.St
1. In tro d u ctio n
In th is  ta lk  th e  resu lts on neu trino  m asses and  m ixings are presented 
which were ob ta ined  in our recent publications [1 , 2 ].
In view of th e  recent resu lts from  SNO [3] and SuperK am iokande [4] and 
owing to  developm ents in theo ry  [5], see also [6,7] and references therein , 
th ere  has em erged a un ique solution to  th e  problem  of neu trino  oscillations. 
T h e  only allowed solution is now LMA M SW , all o thers being excluded a t
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the Electroweak Scale “Supersym m etry and Brane Worlds”, Kazimierz, Poland, May 
25-29, 2002. Special session dedicated to  S. Pokorski on the  occasion of his 60-th 
birthday.
th e  3a  level [8 ]. T hus we know th e  p a tte rn  of th e  oscillations of th e  active 
neutrinos, th a t  is those observed in experim ent. S im ultaneously it becomes 
m ore and m ore clear th a t  th e  oscillations of atm ospheric neu trinos are due to  
vp vr tran sitio n s  [9,10]. T h e  th ird  im p o rtan t piece of in form ation is the  
CH O O Z lim it [11] ind icating  th a t  th e  elem ent Ue3 of th e  M aki-N akagaw a- 
S akata  (M NS) lepton m ixing m a trix  [12] is small.
T he experim ental d a ta  m entioned above can be described by a m odel 
based on th e  seesaw m echanism  [13] and  a large h ierarchy of th e  D irac 
m asses of neutrinos. Such a m odel was considered in [1,2]. We presen t it here 
including som e technical details re la ted  to  th e  derivation of th e  form ulae.
T he m ain idea of th e  present m odel is th a t  a large h ierarchy of th e  D irac 
m asses of neu trinos is possible even though  th e  h ierarchy of m asses indi­
ca ted  by experim ental d a ta  is far less pronounced th a n  th a t  expected  from  
com parison w ith  th e  quark  or charged lep ton  m ass spec tra . T his nontriv ial 
fact is in teresting  since it h in ts a t a possible sim ilarity  betw een th e  observed 
h ierarchy of quark  and  charged lepton m asses and  th a t  of n eu trino  D irac 
m asses. T he d isappearance of th is  h ierarchy a t th e  level of th e  observable 
m asses of th e  active neu trinos is caused by th e  seesaw m echanism  as well 
as by th e  algebraic s tru c tu re  of th e  low energy effective m ass o p era to r N  
describing th e  m asses of th e  active neutrinos. T h e  la tte r  is due to  a sym ­
m etric  and  u n ita ry  o p era to r R  ac ting  in th e  flavor space and re la ted  to  the  
u n ita ry  transfo rm ations of th e  righ t-handed  neutrinos. T his o p era to r has 
for th e  first tim e been considered in [1]. I t has been poin ted  ou t in [1,2] 
th a t  R  plays a crucial role in th e  low energy physics of neutrinos. In fact, it 
affects th e  form  of th e  Umns m ixing m atrix . In th e  m odel we consider, we 
find a form  of th e  o p era to r R  leading to  a reduction  of th e  underly ing D irac 
m ass h ierarchy and thus producing realistic m ass spec tra . T he resulting  
m ixing m a trix  is n a tu ra lly  exhibiting  a sm all value of th e  Ue3 elem ent. It 
also follows from  our m odel th a t  th e  m ass ra tio  of th e  two lighter neutrinos 
is given by ta n 2 0 e , 6& denoting th e  solar m ixing angle.
O ur aim  is to  explain th e  observed m ass spec trum  of neu trinos s ta rtin g  
from  a h ierarchy of D irac m asses com parable w ith  th a t  of th e  corresponding 
up quark  m asses. Let us begin w ith  a look a t d a ta  and a t th e  expectations 
from  th e  sim plest version of th e  seesaw m echanism . W h a t is known are 
th e  squared  m ass differences affecting th e  oscillation p a tte rn  of neutrinos. 
D enote th e  m asses of th e  active neu trinos by i i \ , i i2 and  //3 . T hen  we can 
define th e  ra tio
2. M a s s  h ie r a r c h y
2 2 H2 -  / a
2 2. ,, (i)
of th e  solar to  atm ospheric  m ass sp litting . T h e  experim ental value of the  
param ete r p is
5 x 10- 5 eV2 „ in _2
Pexp ~  2.5 x lO- 3 eV2 -  x • ( )
A lthough th is  m ight well be called a hierarchy, we m ust com pare it to  the  
p red ictions offered by th e  seesaw m echanism . Choose a reference fram e 
w here th e  heavy M ajo rana  m ass m atrix  M r  is diagonal and assum e fu rth e r­
m ore th a t  it is p roportional to  th e  u n it m atrix . O f course, th e  h ierarchy of 
th e  active neu trino  m asses can be reduced by assum ing a h ierarchy in M r ,  
p artly  com pensating  for th e  h ierarchy orig inating from  th e  D irac m asses, see 
e.g. [14,15]. However, we will no t have to  abandon  th e  sim ple assum ption 
of degenerate righ t-handed  M ajo rana  m asses to  destroy  th e  hierarchy. So, 
we do no t consider th e  m ore general case, although  it is no t hard  to  do so. 
Thus,
M r  =  M  • 1 .  ( 3 )
A t th e  sam e tim e, th e  D irac m ass m a trix  for neu trinos is w ritten  as
N  = UKm ilj)Uh (4)
w ith
m ^  =  d iag (m i, m 2, m 3 ) .  (5)
T hen  th e  m ass spec trum  of th e  active neu trinos is given by th e  effective 
op era to r N  of dim ension five
N  =  A  1 A / |; 1 N  =  . ( 6 )
W ith  th e  sim plifying assum ption  (3), th e  m ass spec trum  ob tained  from  the  
m a trix  N  in Eq. (6 ) is seen to  depend crucially on th e  following m a trix  R,
R  =  U%Ur , ( 7 )
which is sym m etric and  unitary . T he m atrix  Ur  satisfying th e  equation  
above for our final choice of R, see Eq. (10), can be  found as described in 
A ppendix  A. T h e  predictions of th e  sim plest seesaw m odel correspond to  
assum ing th a t  ¿ 2 = 1 .  T hen  th e  resu lting  spec trum  of th e  active neu trino  
m asses is
m r m î m-,
m =  M  < < № =  M  < < M =  M  ' (8)
2
Since we also require a h ierarchy for th e  D irac m asses
it becom es evident th a t  th e  active n eu trino  hierarchy is even stronger. T he 
ra tio  p can now be estim ated  by le ttin g  th e  m ass ra tio  n is /m 2 be of the  
order of th e  corresponding m ass ra tio s for o ther fundam en tal ferm ions, i.e. 
m b /m s ~  30, m r /m ^  «  17 or m t /m c ~  100. We would ob ta in  a q u an tity  of 
th e  order of 10“ 8 -1 0 “ 4, which is m uch less th a n  th e  observed hierarchy. So, 
if we are to  succeed in describing reality  w ith  a seesaw m odel, we m ust find 
som e way of hiding th is  huge hierarchy.
Now we see th a t  th e  o p era to r R  canno t be a u n it m atrix . In fact, one 
can easily convince oneself th a t  its  elem ent (R)s3  m ust vanish in order to  
p revent th e  D irac m ass h ierarchy from  showing up  in th e  observable m ass 
ra tio .
Now consider w hat happens if th e  elem ent ( R ) 23 =  ( i ? ) 3 2 is non-vanishing. 
It tu rn s  o u t th a t  th e  resu lting  m ass spec trum  for th e  active neu trinos is 
acceptab le from  th e  phenom enological po in t of view if ( R ) 2 3 =  0( 1 )  is as­
sum ed. T his spec trum  corresponds to  th e  case of th e  so-called inverted  hi­
erarchy. However, th e  resu lting  s tru c tu re  of th e  lep ton  m ixing m atrix  does 
no t resem ble th e  experim entally  observed one [2 ].
T he only rem aining case is .R3 3  =  R 2 3 =  0 which im plies
( 0  0  exp i f  1 \0  exp *(/>2 0  J . ( 1 0 )
exp i f  1 0  0  /
T h e  com plex phase factors in Eq. (10) can be of crucial im portance for lep­
ton  num ber violating processes like neutrino-less double b e ta  decays. How­
ever, these phase factors do no t affect our discussion which concentrates on 
n eu trino  oscillations. So, for th e  sake of sim plicity, in th e  following consid­
erations we take th e  sam e form  of R  as in [1]:
0 0 l \
0  1 0  =  P 13 . ( 1 1 )
1 0  0 /
It tu rn s  o u t th a t  for strongly  hierarchical D irac m asses Eq. (11) is a necessary 
condition for a realistic m ixing and m ass spec trum . T herefore we assum e 
th a t  som e sym m etry  underly ing flavor dynam ics forces U r to  fulfill Eq. (11). 
T h e  m a trix  R  can d rastica lly  reduce th e  h ierarchy of th e  m ass spec trum  for 
th e  active neutrinos. So, R  is observable, in principle a t least, if a large 
h ierarchy of th e  D irac m asses is a com m on fea tu re  of all quarks and  leptons. 
In th is  sense R  is a physical ob ject which is im prin ted  in low energy physical 
q uan tities, nam ely  th e  m asses of th e  active neutrinos. Unlike th e  quark  
sector w ith  its  C a b ib b o -K o b a y a s h i-M a s k a w a  m ixing m atrix  [16] th e  lepton 
sector has therefore two im p o rtan t m atrices in th e  flavor space. O ne is the
lep ton  m ixing m atrix  U m n s  [1 2 ] which affects th e  form  of th e  weak charged 
curren t. A nother is th e  m a trix  R  defined in Eq. (7). R  affects th e  form  
of Umns- M oreover, it is also reflected in th e  low energy neu trino  m ass 
spec trum . In our phenom enological approach we use th e  experim ental in p u t 
to  fix th e  form  of R. O ne m ay hope th a t  th is  is a first step  tow ards an 
underly ing theo ry  of flavor.
3. Lepton mixing matrix
In th e  previous Section we have arrived a t a way of resolving th e  problem  
of strong  hierarchy of active neu trino  m asses. However, we m ust show th a t  
th e  m odel describes correctly  th e  m ixing p a tte rn . We now stu d y  th e  m ixing 
m a trix  U m n s -  In our m odel, th e  m ixing is due to  b o th  charged leptons and 
neutrinos. T he m ass m a trix  for th e  charged leptons can be  w ritten  as
L =  T r  d iag (m e, m fl, m T) VL =  T r  m (i) TL . (12)
T h e  m atrix  T r  m ultip lying from  th e  left side can be m ade equal to  one 
by an  app ro p ria te  redefinition of th e  righ t-handed  charged leptons. T his 
has no observable consequences because a t our low energies only left-handed 
weak charged curren ts can be studied . T h e  corresponding D irac m ass m atrix  
for th e  neu trinos is given in Eq. (4). Let O  be  a u n ita ry  m atrix  such th a t
O t M O  =  d iag (/+ , /¿2, /L?) • (13)
N ote th a t  in Eq. (13) th e  diagonalization is done by m ultip ly ing by the  
transposed  m atrix  O t  , ra th e r th an  th e  H erm itian  conjugate O Y  from  the  
left. We explain in A ppendix  B how to  perform  such a d iagonalization. 
Eq. (12) im plies th a t  =  l j I .  is diagonalized by T r, i.e.
TLM l v l  =  d iag (m 2, m l,  m 2) . (14)
T hen  from  Eqs. (6 ), (7) one derives
UMm  = Vh0  = VhU Y10 ' , (15)
where th e  u n ita ry  m a trix  O' is such th a t
- * - 0 'Tm (l' )T R  m {v)0 '  =  d ia g (/u , /¿2, Hi) (16)
We narrow  our search for a realistic n eu trino  m ass m a trix  by concen­
tra tin g  on th e  following s tru c tu re  of th e  MNS m atrix , which is known to  
successfully describe d a ta ,
U m n s  = (17)
charged lepton sector neutrino sector
Since we choose a sim ple form  of U l =  1, Eq. (15) im plies th a t  th e  second 
m a trix  on th e  righ t hand  side of Eq. (17) is equal to  th e  m atrix  O' diagonal- 
izing th e  light neu trino  M ajo rana  m ass m atrix . Such a form  of th is  m atrix  
can be ob ta ined  even if th e  m ass m atrix  N  is no t of th e  block diagonal form  
suggested by Eq. (17). In fact, assum ing a diagonal D irac m ass m atrix  as 
in Eq. (5), one ob ta ins th e  light M ajo rana  m ass m atrix
ÁÍ = pt
where
r  =
m in is
2m i
m.
F =
2
M
(18)
(19)
T h e  way to  sidestep  th is  difficulty is to  exchange th e  eigenvectors of the  
m ass m atrix  w ith  a p erm u ta tio n  / 23.
E2 3 = (20)
see [1,2] for details. T hen  N  in Eq. (18) is diagonalized by th e  m atrix
O ' =  P23UU ( 0
where
U u (a) =
i cos a  s in a  0
—¿ s in a  cos a  0  
0  0  1
(21)
(22 )
T his wav, th e  m a trix  P23 will ap p ear sandw iched betw een th e  two m a­
trices in Eq. (17). In principle, such an  insertion could destroy  th e  s tru c tu re  
of th e  m ixing m atrix . However, due to  th e  p articu la r form  of th e  charged
lep ton  m atrix , no th ing  wrong happens since th e  effect of P2 3 ac ting  to  the  
left is th a t  of exchanging th e  second and th ird  colum n. B ut th is  m ay be 
seen to  correspond to  an  innocuous relabeling of flavors, m ade irrelevant 
especially for th e  m odel of th e  charged lepton m atrix  we are using,
VL =  023 ( ± | )  , (23)
th e  righ t han d  side m eaning th e  ro ta tio n  ab o u t th e  first axis by th e  angle of 
± 7r / 4  [2]. T his form  of VF has been considered in m any published m odels
[17], in p articu la r in th e  m odels based on th e  so-called lopsided form  of the  
charged lep ton  m ass m atrix  [18].
4. A realistic model
T he construc tion  shown above lets us get rid  of th e  facto r of m | / M  in 
th e  active neu trino  spec trum , cf. Eq. (8 ), b u t th e  m ass sp littin g  ra tio  is now 
zero due to  th e  twofold degeneracy of th e  lighter s ta tes , so th e  hierarchy 
problem  appears to  have ac tua lly  been aggravated. O n th e  o ther hand , the  
m ixing p a tte rn  corresponds to  th e  so-called bim axim al m ixing [19] which is 
n o t acceptab le for th e  solar neu trinos [8 ]. B oth  problem s can be cured by an 
ap p ro p ria te  p e r tu rb a tio n  of th e  D irac m atrix , whose form  was found in [2]. 
T h e  resu lting  low energy n eu trino  m ass m a trix  is
/ 0  r 0 \
M  = 1 F t  '(A il , 1 / % = n \ r  2  ar  0  , (24)
\ 0  0  1 J
w here a - 1  =  ta n 2 # 0 . For a >  0 th e  m a trix  M  in (24) is diagonalized by 
Uj2(eQ)M U V2(eQ) =  d iag  ( n i ,n 2, nz) . (25)
R ealistic sp ec tra  and  m ixing are ob ta ined  for th e  following range of the  
param eters  a and  r
0.35 <  a <  0.75 an d  0.05 <  r  <  0.25 (26)
w ith  th e  b est fits corresponding to  a betw een 0.46 and  0.57 and  r  betw een
0.09 and 0.10. I t is in teresting  th a t  th e  value of r  «  0.08 is ob ta ined  if the  
D irac m asses of neu trinos are assum ed to  be p roportional to  th e  correspond­
ing m asses of th e  charged leptons, see th e  foo tno te  after Eq. (42) in [2]. T he 
lep ton  m ixing m atrix  becomes
UuNS =  Yl Ul l P23Ui2 (00) , 
and  our m odel leads to  th e  following m ass spec trum , see [2 ]:
(28)
(29)
(30)
From  th e  presented  m odel we can derive th e  lightest n eu trino  m ass. One 
ob ta ins ab o u t 3 meV a t ta n 2 6& «  0.4. T his m ass range can be  probed  by 
th e  lOt version of th e  G ENIUS p ro jec t [20]. Finally, let us no te  th a t  the  
m ass scale of th e  M ajo rana  m asses is betw een 1010 and 1011 GeV if m 2 ~  m c 
is assum ed. It has been po in ted  out in [21] th a t  th is  is exactly  th e  range 
of M ajo rana  m asses which m ay be im p o rtan t for barvogenesis; see [22] and 
references therein .
T he observed neu trino  m ass sp littin g  ra tio  exhibits little  h ierarchy com ­
pared  to  th e  expecta tions from  a sim ple seesaw m odel and  th e  assum ption 
of a D irac m ass h ierarchy of th e  order typ ical for quarks. Nevertheless, 
we have shown th a t  seesaw m odels exist which succeed in suppressing the  
underly ing strong  D irac m ass h ierarchy leaving only th e  weak hierarchy of 
effective light M ajo rana  m asses of active neutrinos. T his reduction  of hi­
erarchy is caused by th e  sym m etric u n ita ry  o p era to r R, whose effect is to  
m odify b o th  th e  low energy m ass spec trum  and th e  lep ton  m ixing m atrix
U m n s -  R ealistic m ixing p a tte rn  and m asses are ob ta ined  w ith  th e  form  of
R  proposed in [1] after in troducing  a p roper p e rtu rb a tio n  of th e  diagonal
D irac m ass m a trix  [2]. T h e  resu lting  m odel p red ic ts a re la tion  betw een the  
two lighter active neu trino  m asses, R i / p 2 ~  ta n 2 0 e , which is s tab le  under 
sm all p ertu rb a tio n s. Furtherm ore, th e  m ass of th e  heaviest neu trino  is re­
la ted  to  th e  m ass scale A rn ^  governing th e  oscillations of atm ospheric 
neutrinos. A sm all Ue3  follows n a tu ra lly  from  th e  m odel. T he m ass of the  
ligh test neu trino  is pred ic ted  to  be  ab o u t 3 m e V  and can be tes ted  by the
lOt G EN IU S detec to r if M ajo rana  phases are no t too  sm all and  th ere  are no 
strong  cancellations betw een con tribu tions to  th e  m ass p aram eter {m Ue).
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T h e u n ita ry  m atrix  UR defined in Eq. (4) is to  satisfy  th e  relation
th en  th e  condition (A .l)  is satisfied. It is thus enough to  find th e  m atrix  UR 
fulfilling Eq. (A.2), which can be represented  as
s itä t K arlsruhe ( T H ) .  We would like to  th an k  th e  A lexander-von-H um boldt
A p p e n d i x  A
Solution fo r  UR
(A .l)
N ote th a t  if
(A.2)
and
(A.3)
(A.4)
D enoting th e  elem ents of UR as
(^R )ij = aij
one can w rite equations for th e  aij following from  Eq. (A.4) 
03 i = a*i, a2i = a,2i', i = l . . . 3 .
(A.5)
A nother set of re la tions follows from  th e  u n ita ritv  of U^  and  can conveniently 
be  w ritten  in term s of th e  real vectors u , v , w  defined as
T hen ,
U  =  ( 0 2 1 , 022 , 0 2 3 ); V +  iw  =  ( a n ,  «12, « 1 3 )
u v  = u w  = v w  =  0 .
u 2 =  1, V 2 =  W Z =  -  .
(A.7)
(A .8 )
(A.9)
Obviously, th e  conditions (A .8 ), (A.9) do no t change under a ro ta tio n  of the  
system
V  +  IW
u
v  — i w
V  +  IW
u  I O.
v  — i w
(A .10)
where Ö  is an a rb itra ry  orthogonal m atrix . We can therefore choose
u  =  (0 , 1 , 0 ), v  = - ^ ( 1 , 0 , 0 ).
to  get
If we take  th e  ro ta tio n  m atrix
w  =  _ L ( 0 , o , i )
1
vT 0
1
vT
0 1 0
i
V i
0 —i
V i
(A .l l )
(A.12)
o  =
^  V6 T  ^
I  71  0
1 1 1
\  Ue %3 vT /
we ob ta in  ano ther solution to  Eq. (A .2)
,  /  U) 1  U)*
o u k = v l  r .  ;  1\  U)* 1  U)
(A .13)
where w =  exp P 1 .
Appendix B
Diagonalization with transposed matrices
W hen diagonalizing th e  n eu trino  m ass m atrix , one m ust do it by m ultiplying 
a u n ita ry  m atrix  V  to  th e  right and  its  transpose, V T , ra th e r th a n  the  
H erm itian  conjugate, to  th e  left. T h a t is, we are faced w ith  th e  problem  
of finding a u n ita ry  m atrix  V  such th a t  a given sym m etrical m atrix  M  is 
diagonalized
Since th e  eigenvalues are to  be in terp re ted  as m asses, we fu rtherm ore  require 
Ai £ R  and Xjt > 0. In general, th is  problem  is different from  th e  usual 
procedure of diagonalization. In th is  append ix  we show th a t  th e  m atrix  V  
satisfying Eq. (B .l)  has th e  form
V  = ( v i v 2 . . .  Vn) =  ( « 1  « 2  . . .  un) - i ( w i w 2 . . .  w n) , (B.2)
where Ui,Vi,W{ are colum n vectors, e.g.
In th e  form ula above, M r  and  M\  are th e  real and im aginary  p a rts  of the  
m a trix  M , respectively:
is th e  eigenvector w ith  th e  eigenvalue —A T h e  u n ita ritv  of V  requires the  
o rthogonality  re la tions for th e  vectors Ui,Wf.
V T M V  =  d ia g (A i,. . . ,  Xn) . (B .l)
(B.3)
and  th ey  satisfy  th e  equation
M r  M i 
M i  - M r
for A i , . . . , A „  > 0 .  (B.4)
M  =  M r +  iMi (B.5)
N ote th a t  if
(B .6 )
is th e  eigenvector w ith  th e  eigenvalue A* then
(B.7)
T h e conditions (B .8 ) are fulfilled due to  th e  fact th a t  th e  2n  x 2n  m a trix  M
appearing  in Eq. (B.4) is sym m etric and real, so it has orthogonal eigenvec­
tors, which can be norm alized.
To prove Eq. (B .2), solve th e  equation
T his system  of equations can be  rew ritten  in term s of th e  m a trix  M
T herefore, th e  problem  is reduced to  finding th e  eigenvalues and  eigenvectors 
of th e  m a trix  M .  T here  are 2n  of them  and th e  eigenvalues are of th e  form  
± A i, ±A 2 , . . .  ±  A„. O f those, we choose th e  n  non-negative ones.
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